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, ^ ' Abstract 

The Dirac constraint formalism is used to analyze the first order 
form of the Einstein-Hilbert action in d > 2 dimensions. Unlike previ- 
^? ■ ous treatments, this is done without eliminating fields at the outset by 

^f) • solving equations of motion that are independent of time derivatives 

lO ' when they correspond to first class constraints. As anticipated by 

f— ^ ' the way in which the affine connection transforms under a diffeomor- 

phism, not only primary and secondary but also tertiary first class 
constraints arise. These leave d{d — 3) degrees of freedom in phase 
rS ' space. The gauge invariance of the action is discussed, with special 

C^ '_ attention being paid to the gauge generators of Henneaux, Teitelboim 

and Zanelli and of Castellani. 



1 Introduction 

Einstein's formulation of general relativity leaves unanswered the question 
of which variables are most appropriate to discuss the canonical structure of 
the theory. The second order formalism in which the Einstein-Hilbert (EH) 
action in d dimensions 

Sd = jd''x./^R (1) 

is expressed in terms of the metric f?^,^ has been treated in refs. [1-9]; the 
first order formalism with the metric g^y and symmetric afiine connection 
r^j, being independent was discussed for d = 4 in refs. [10, 11] and for d = 2 
in [12-17]. 

In this first order formalism, the Lagrangian can be taken to be [18-19] 



C, = h^^' 






where 



and [20] 



(2) 
h^'•' = ^^g^"" (det h>"' = -(-c/)"^+^/^) (3) 



G^ = r^ - - f^-^r'' + 6^TP ] . (4) 

Only ii d > 2 can the equations of motion for G^^, following from eq. (2) 
be solved for G^^ in terms of h^'^; if this solution is substituted back into eq. 






(2) the second order form of the EH action is recoveredjj The case d = 2 is 
discussed in ref. [21, 22] where it is shown that in 2d the equation of motion 
does not fix F^^ in terms of g^u unambiguously. In the next section we will 
define variables in terms of the independent fields h'^'^ and G^^ that will 
facilitate the canonical analysis of S^- In the following section this analysis 
will be performed using the Dirac constraint procedure [23-28]. The gauge 
invariance of the action is then discussed. 

The principle difference between this treatment and that of refs. [10, 
11] where the first order form of the EH action has also been considered 
is that not only primary and secondary, but also tertiary constraints arise. 
This is because we do not use constraint equations arising from equations of 
motion not involving time derivates to eliminate fields when these equations 



^From eq. (2), if d > 2 then the equation of motion for G^^ yields G^^ = 
^h^P {hfj^p^t, + h^p^fj, - hp^_p) - 2^ h^^hp^^ {In h),p where h = deth^^". If d = 2, then the 
equation of motion for h'^'^ is consistent only if h,\ = and then if this condition is 
satisfied, G^^ = 5'*^'' (^mp.i^ + ^i'p.m ~ f^t^i^.p) + hpi,X^ where X^ is arbitrary. 



of motion correspond to first class constraints. Such tertiary constraints 
should be expected to occur, as only if tertiary first class constraints are 
present can a gauge transformation involving the second derivative of the 
gauge function arise when the formalism of refs. [29, 30, 31] is used to derive 
the gauge invariance present in a theory. The diffeomorphism invariance of 
Sd in eq. (1) is 



- {old. + Gt,d,) r (5a) 

Sh^" = h^'^dxe" + h^'^dxe^ - dx (h^^e^) (56) 

(which follow from 

5gi^^ = -e^dxg^'' + g^'^dxO" + g''^dx9^' 

6g = g g^'^Sgap . ) 

The second derivative of the "gauge parameter" 9^ appears in eq.(5a); if there 
were no tertiary constraints in the theory, such second derivatives would not 
be generated by the first class constraints. We will pay special attention 
to how first class constraints generate gauge invariances, when using the 
approach of Henneaux, Teitelboim and Zanelli [30, 31, 25] and of Castellani 
[29]. 

We now rewrite 5*^ in terms of variables that simplify the canonical anal- 
ysis. 



2 Choosing Variables 

After an integration by parts (dropping the surface term) and defining h = 

h , h^ = h \ IT = — Gqq, TTj = — 2Gq^, TTij = —Gj^j, ^* = — Goo' ^} ~ "^G^q, 
Cjk = "^ifc' ^6 find that 

Cd = TTho + vr^/^io + 7T,,h% + A + CA, + ^Al + ^j^Af 

'ikit ~ itik]h + 3 -rikiiij ~ iaikj ) h 



where 



+ {-^^^kiu - iki) h^ (6) 



. 2-rf 
A 



1 



d-l L ' ' 4 '"'\ ^^^ 

^i = h^i — hiTi — 2h^Tiij (8) 



At = /.? + j^n {Sfh' + 6^h^) + ^^^ {Sfh^' + 6^h^') vr, . (10) 

Eq. (6) can be further simplified by first decomposing C,) into its trace t 
and its traceless part C,j, 

^ = 5 + A^^ (11) 



followed by a shift to separate ^ • from Q 



d- 1 

■i 
jk 



Tk -rk 



2 /.. 1 



ie — Qe. T \ itm '1 7 Oiijm ) "- (12) 



so that 

£, = 7r/i,o + 7^^h], + 7r,,/i^^ + A + CA, + C/A} + -^^^ (13) 

In eq. (13) we see that the effect of making the change of variables defined 
in eqs. (11, 12) is two fold. First of all, t appears only linearly in eq. (13) 
which means that eventually its presence will lead to a secondary constraint 
(x, defined in eq. (16) below) that turns out to be first class. Secondly, the 
traceless quantity C- and the quantity Cjt are "decoupled" in eq. (13) as eq. 
(12) is effectively a "completing the square" operation. These two quantities 
only enter eq. (13) quadraticly, resulting eventually in two second generation 
constraints (see eqs. (23, 24) below) which are necessarily second class. The 
tracelessness of C will require special consideration when defining its Poisson 
Bracket with its conjugate momentum (see. eq. (18) below). Indeed, one 
might supplement Cd in eq. (13) with a terms A^j where A is a Lagrange 
multiplier used to generate a constraint that ensures that Cj is traceless, but 
this is not necessary. 

We now perform the change of variables 



T^ 


= hh'^ 


- h'h^ 


{H^kH'^ 


TTij 


= hUij 






VTi 


= n,- 


2Uijh^ 




IT = 


= n + : 


h ^ 


+ h'y) ■ 



51) (14a) 

(146) 
(14c) 

(14rf) 



SO that 

Cd = uho + n,/i'o + n,jH$ + tx, + tx 



(14e) 
(14/) 

(15) 



2-d 



d-1 



hll^ + /i*n Hi + — [H'^ + h'y) Tljlj 



i^H'^H''^ + H^'^h^h^) HhH 



Hj^i-U 






ik 



« A J 



c c 



J ^* 



+c- 



jr'fe 



\Hf - li/^'^n, + ^(^^ {51H'' + 5f ^^0 (n, - 2/^-n 



^mj 



+- (/i-'i/'^P + h^Wp) Yiip 






where 



Xi = h^i - hUi 

x = Ki + hu. 



(16) 
(17) 



With the choice of variables used to express Cd in the form of eq. (15), we 
can now examine its canonical structure. 

3 The Canonical Structure 



We begin by noting that the momenta conjugate to h, h^ and iJ*-' are given 
by n, IIj and IIjj respectively, while the momenta conjugate to t, ,^ , C- and 
^k (which we denote by IP, Pi, IP^ and P^ respectively) all vanish. The 



fundamental Poisson Brackets (PBs) are standard except for 

{C;(f,t),F:(f',t)} = (^i^l - ^^]^i) S'{r- r') 



;i8) 



where the second term on the right hand side of eq. (18) ensures consistency 
with the tracelessness of ^ • and Pg^ . (As mentioned above, one could use a 
Lagrange multiplier in the action to generate the constraint Cj = in which 
case eq. (18) actually becomes a Dirac Bracket (DB) associated with this 
constraint and the gauge condition P^ = as discussed below.) 



It is now possible to read off the canonical Hamiltonian l-ic from eq. (15) 
as Cd is of the form 

Cd = n/i,o + n,/i;o + ii,,H% - n, . (19) 

The Dirac constraint formalism [23-28] now should be implemented as 
there are the obvious primary constraints 

lP = ri = F/ = r^^ = . (20a - d) 

The primary constraints IP = IPi = immediately give rise to the sec- 
ondary constraints 

X = X^ = ■ (21a,6) 

Test functions / and g can be used to compute [32] the PB of Xi and x; 



!■ 



drdf'fif) {xiif, t), xif', t)}g{f') = f {xi, x} 9 

= f {h,U} hg - /n, {hU} hg - fh {n„ /i^.} g 
-f.ihg - fhllig + fh{-g^i) 

drfif) {hi{f, t) - h{f, t)Ui{f, t)) gif) 

= fXi9 
or, more compactly, 

{X^,X} = X^ ■ (22) 

It is also apparent that {Xi^Xj} = = {x,x}- Consequently IP, IPi, x and 
Xi are all candidates for being first class constraints but no conclusion about 
the class of x and Xi can be drawn until the complete set of constraints is 
determined as it is possible that x and/or Xi do not have a weakly vanishing 
PB with a tertiary constraint. 

In ref. [10,11] equations of motion that do not involve time derivatives 
were used to eliminate fields from the initial action. Two of these equations 
are the constraints x and Xi (is, the trace of eq. (A3) and eq. (A4) of ref. 
[11]). Consequently, tertiary constraints cannot arise in the approach of refs. 
[10,11]. 

The constraints IPj = IPi = also lead to secondary constraints O* and 
O^ respectively. These are linear in C and Cfc and so all these constraints are 
immediately seen to be second class. These secondary constraints correspond 
to eq. (A2) and the traceless part of eq. (A. 3) in ref. [11]. As they are second 



class, they can be used to eliminate fields from the action provided PBs are 
replaced by the appropriate DB. 

If (i = 2, 0* does not arise and 0] reverts to being a single first class 
constraint, making the canonical analysis [12-17] considerably simpler than 
when d > 2. 

Once the DB replaces the PB, O* and O^ are effectively eliminated from 
the theory and hence one need not worry about the fact that the constraints 
X, Xi have non- vanishing PB with O* and O^ [33]. 

The portions of the Hamiltonian Tic that contributes to 0* and O^ are 
of the form 



<jK + -^CjCi 



B 



Jk 






1 






ck ci _ ckc^ 



^£i^kj 



(23) 
(24) 



where 



Ai 



h^, - -hm, - w^u 



ik 



cr: 






(n, - 2h^Yi,^) + - [yn'^^ + h'^w^) n, 



ip 



:sok 



The constraints 0* and 0] that arise from A and B can be solved, yielding 






h 



d 



6i\^ 



1 / i\* ^ 

■^'^ 2 V J jk mn '- 



(25) 
(26) 



where 



X k 
yz £m 

+ 



h r 
2 



d-2 



[Hiy^z^m + HlzSyS^ + HjnySzSi + HmzSy6] 

Tjkx TT TT \ Tjkx ( TT TT \ U U 

n rLpmriiiy, | — n [rtiz-nmy + n^ytimz 



^tm-'^yz 



(27) 



(Decomposing ^^ so that Qj = tj and H'^^^^j = s^ by setting 

1 



SjA; — Vjk + 



dHjks'- [S'Hke + SlH.As 



{d-2){d+l 



does not really simplify the canonical analysis.) 

One could now substitute eqs. (25, 26) into "He provided the appropriate 
DBs are subsequently used. To illustrate how these DBs are worked out, we 
note that A and B of eqs. (23, 24) are both of the form (with 1=1,2) 



f = fHq^,p^)Q'i-^Q'}9IJiq^)QJ 



(28) 



where qi and pi are canonically conjugate variables. The momentum IPj' 
conjugate to Q/ vanishes and this primary constraint leads to the secondary 
constraint 

O'i = fn<l^.P^) - 9fA<i^)Q'J (29) 

with 9j = (-Pf, ^/) being second class, as 





{P^,e'j}=g'}%j 




(30) 


[die)}^Mfj . 


(31) 


In order to form the DB 




{A B}* = {A, B} - {A, en (d-'Ti '} {©., b} 


(32) 


one needs the inverse of 






( gi \ 






"/ J — 


-gi Mil Mi2 
^2 

n i\/r „ i\/r 




(33) 



V -Mi2 -g2 M22 ; 



Using the standard relation 
-1 



A B 
C D 



I B 
D 



A-BD-^C 
D-^C I 



-1 



(34) 



{A-BD-^C)-^ -{A-BD~^C)-^BD-^ 

-D-^C{A - BD-^C)-^ D-^C{A - BD-^Cy^BD-^ + D'^ 



we see that 












( g^Miigy 


-91' 


9i 'Mi2g2 ^ 





d-' = 


-g^^Mug^ 








^2~^M22^^^ 




-92 




[ 





9^' 






(35) 



(In fact this inverse is not unique, as is discussed on pg. (66) of ref. [27], but 
the form given in eq. (35) suits our purpose.) From eqs.(32, 35) we find that 
the non vanishing DBs are 

{<li,Pj}* = Sij (36) 

{q^,QIar = {q^,ej}{g-')TJSu (37) 



{p^,QIar = {p^,e'j}{g-')TJ6JJ 



{Q?,Qj}* 



-I \ Litit 



IK 



-l\nb 

)lj 



{Q'i^JPjY 



. 



(38) 
(39) 

(40) 



If we use these DBs, it is now possible to employ the second class constraint 
6)« = to write f in eq. (28) as 



and so by eqs. (36-40) for any function Z{qi,pi) 

{Z{q,,p,),<pr = Q'}{Z{q^,P^)Jnq^,P^)} 

Using eq.(42) it is quite easy to show that (with He = j d'^'^x'H 

where 
5 



(41) 



(42) 



(43) 



d-2 



d 



/i V ^ 2/i V ^ ! 



(44) 



SO that a tertiary constraint arises that differs from the Hamiltonian Tic by 
a linear combination of secondary constraints and a total derivative. 
In fact, the Hamiltonian that follows from eq. (15) can be written as 



nc=^{r + hW, 



- —HupH'^-^W^y — ——Why 



Ih-x^h,- (^H-x.) +^,H%x, + ^X,. 



1 



h^' 



h^ 



h 



(45) 



--h^k^^a.-2r^)lH-^u^.x-lhmx. 



trmjiTT o J q 



1 x' 11 



hmix -C Xi-tx 



d— 1 h d — 1 h 
where 

and 

n = 2 (//'""n™) „ - H^'^Iimn, - {H^^'Ylrnn), ■ (47) 

It is evident from the form of the Hamiltonian given in eq. (45) that the 
secondary constraints x ^-iid Xi imply tertiary constraints r and Tj. We im- 
mediately see that x ^-^^d Xi have vanishing PBs with r and Tj. Furthermore, 
we find that the PBs amongst r and Tj are [61] 

{r,{x),T,m = -d-K^-y)n{y) + r,{x)dt5{x-y) (48) 

{r(f),r(f)} = d^5{x-y)H'^{y)r,{y) (49) 

-H'^{x)Tj{x)dy5{x-y) 

{r,{x),T{y)} = -d^5{x -y)r{y) + r{x)dt5{x -y) . (50) 

(Using test functions as in the derivation of eq. (22) is useful in demonstrating 
eqs. (48-50).) The PB algebra of eqs. (48-50) is that of ref. [11] even though 
in this reference the constraints are distinct from those of eqs. (46, 47). 
Furthermore the "ADM constraints" appearing in ref. [11] are secondary 
constraints derived from an "ADM action" found by substitution of solutions 
to the true secondary constraints, both first class (x and x-d ^"^^ second class 
(6* and 0^ ), into the first order EH action of eq. (2). After this substitution, 
the EH action becomes the "ADM action". In contrast, the constraints r 
and Ti appearing in eqs. (48-50) are true first class tertiary constraints that 
follow from the secondary first class constraints x and Xi and the EH action. 
It is evident that because of the form of "He in eq. (45) no further constraints 
of a generation beyond the third arise. 

We thus have the complete constraint structure of the EH action of eq. 
(2). Initially there are d{d + 1)^ variables in phase space (/i^*^, G^^, and 
their conjugate momenta). There are d{d + 1) primary second class con- 
straints identified with the canonical momenta conjugate to /i, h^ and WK 



In addition there are d{(f — 3)/2 primary second class constraints associ- 
ated with the vanishing of the momenta conjugate to C- and ^k which in 
turn lead to the d{(f' — 3)/2 secondary second class constraints O* and O^ . 
Finally there are 3d first class constraints spanning three generations {IP, 

^i'l Xi Xi] T) '^i) which require 3d gauge conditions. In total then there are 

, did^-3) d(d^-3) ^ , ^ , „ ,2 , .x 
d{d + 1) + ^ + ^ + 3d + 3d = d{d^ + rf + 4) restrictions on the 

system leaving d{d + 1)^ — di^d"^ + rf + 4) = d{d — 3) independent degrees of 
freedom in phase space. In li = 3 this is zero; if li = 4 this is four which 
corresponds to the two polarizations of the graviton and their conjugate mo- 
menta. 

In the ADM approach to the first order action of eq. (2) [10, 11] just 
d = A dimensions is considered. Only six of the ten components of the metric 
{gij) are taken to be dynamical, the remaining four form the non-dynamical 
"lapse" (A^) and "shift" (iVj) functions. All thirty constraint equations x = 
Xi = 0* = ©i =0 are used to eliminate fields in the EH action. Once 
this is done the four fields Foq disappear from this reduced "ADM action" 
and are not considered to be dynamical. There are then six components 
of r^^ remaining which are used to form the momenta conjugate to the six 
dynamical components of the metric. The four ADM constraints derived from 
the ADM action when combined with their associated gauge conditions leave 
just the two degrees of freedom present in the metric plus their conjugate 
momenta. We thus see how the analysis of this paper, which exclusively uses 
the Dirac constraint formalism, is related to the more conventional ADM 
approach to the first order action of eq. (2). It is apparent that the ADM 
approach initially resembles that of ref. [34] in that equations of motion not 
containing time derivatives are used to eliminate fields; only after this has 
been done in Dirac's constraint formalism invoked. This approach cannot 
lead to tertiary constraints, which are necessary if one is to obtain the term 
—d'ij^d^ in the gauge transformation of eq. (5a) from a generator constructed 
from the first class constraints in the theory. The relationship between the 
Dirac constraint formalism and that of [34] is further discussed in ref. [35]. 



4 The Gauge Transformation 

There are several ways of deriving the form of the gauge transformation that 
leaves the action invariant from the first class constraints present in the the- 
ory [29-31]. These methods have been applied to the complete constraint 



analysis of the second order EH action to show that its gauge symmetry is 
in fact diffeomorphism symmetry [8, 9], while the second order ADM action 
is invariant only under a diffeomorphism if there is a field dependent gauge 
function [29,36,37] (which would alter the group properties of the gauge sym- 
metry [37]). 

We first will examine the symmetries of the first order EH action from 
the Lagrangian point of view, then give an (incomplete) discussion based on 
the approachs of Henneaux, Teitelboim and Zanelli (HTZ) appearing in [30, 
31, 25] and of Castellani [29]. 

In discussing the invariances of the action from the Lagrangian point 
of view, we will adapt the approach of [38] in a way that retains manifest 
covariance. In general, if an action depends on a field (J)a{x), then variation 
of the action under a variation 6(f)^ of the field is given by 



6S 



(Tx 



-d„ 



5C 



5 (<9^0a) 



+ 



5C 

5(j)A 



5(j)A = I d'^xL^6(/)' 



(51) 



provided S(f>^ vanishes at infinity. {L^ is the "Euler-Lagrange" (EL) deriva- 
tive.) We now consider variations of the form 



N 



50^ = E 



s=0 



-r 



QS 



ox ^^ . . . OXji^ 



r]^{x) 



P\ 



AB 



X 



(52) 



^AB 



where r] are unspecified "gauge functions" and the quantities p^^j^,„fj,^ 
be determined. Substitution of eq. (52) into eq. (51) yields 



are to 



N 

SS= d^xr]^Y. 

•' s=0 



Qs 



oXfi^ . . . ox ^^ 






(53) 



which vanishes even if 0^ does not satisfy the equations of motion provided 

QS 



N 

E 

s=0 



(yx^^ . . . OX ^^ 










(54) 



and surface terms are neglected. This equation is used to determine p"}^ 
systematicly as illustrated below. If an invariance of the action were known 
(so that we have the explicit form of the functions p^j^..^J then eq. (54) 
would give the associated Noether currents of the model. 
Varying the fields appearing in eq. (2) we find that 



5S, 



(fx 






d-l 









Sh^" 



(55) 



+ -/^T + 



d 



{WP51 + K'PS^^) G\ 



up 



5G^. 



Eq. (55) will be used to systematicly determine the invariances of 5*^. If the 
fields 0A of eq. (51) are identified with ih}^^ ^ G^^), we can construct 6(f)A from 
eq. (55) using a step-by-step procedure which amounts to expanding p^j^^^^ 

N 



fc=l 



in eq. (52) in powers of (pA- We assume that we can expand 6(J)a 

where S^^^cpA contains k factors of (pA- ^S in eq. (8) is then expressed as a 
series in powers of 0^ with each term in this expansion being set equal to 
zero in order to fix S^'^'cpA in terms of S^'^^^'cpA- If this procedure terminates 
with (J^^^^^^^ = then we have an invariance of the theory. 
For example, in Yang-Mills theory, we have 



S^, 



ym 



SO that 
SS.. 



ym 



d X 



N 



.}-^jd'x(d,Al-d,Al + e^"^A'^Aif 



g^^at ^ ^apb^pj /^^^5 _ g^^t ^ .^cd^c^.Al ^^^ay 



If now 6A'^ = ^(^(''M", then 6Syra = at each order in A^ if 

A;=0 



d X 



d, id.Ai - d^A; 



d X 



(5(°M^) = 

d,{d,A:-d,A';)){6^''>A:) 

H^^P'Af^) (d,Al - d^Al) {6^^^ At) 





11/ y-M 



(5(°)A- 



etc. These equations are automaticly satisfied if 5*^°M" = d^O"', S^-^^A'^ = 
e^'^^Ale^ and 6^'^^A2 = 0; thus 6A''^ = 8^6" + e''''^A^^e^ is an invariance of the 
Yang-Mills action. 

There is another more direct way of constructing 6(f)A by using eq. (54) 
that is used in ref. [45]. 

Applying this approach to eq. (55), we find that 6Sd = provided 



d'^x 



Giu,x^^''^hP'' + (-/ij) ^(''^G'; 







and 



d'^x 



G<A^^^5(m);,.. + (_;,M.)5(m)GA^ + 



d 



GA /^a 



(56a) 



G^.GLl^W/^^'^ 



- (/.^^G^, + h'^^G^,^)) 5«G;J = (566) 

(^ = 0,1..., iV-1). 
li d = 2, then eq. (56a) can be satisfied in two ways, first with 

S(o) /,.. = ^^Gj, = -dl^e' + i {5Xu + S'J':,,) (57a, b) 

and second with 

^(°)/i^- = ^^''^G-;:, = -e^^e^^^,. . (58a, b) 

(In eq. (58), C,fiu is a symmetric tensor and e°^ = — C"*^*^ = 1.) Eq. (57) can be 
used in conjunction with eq. (56b) to yield 

5(i)g;, = -^^9,GJ, - (gJ,9. + Gt,d,) 6^ + G%d,e^ (596) 

and 

S^^^h^^ = Q = 5^^^Gl,. (60a, 6) 

Eqs. (57, 59, 60) all can be generalized to rf > 2 dimensions; this is the 
diffeomorphism transformation of eq. (5). 
Together eqs. (56b) and (58) lead to 

t^h^" = - {e^Ph"" + e'Ph'"') ip, (61a) 



and 

:W/7A _.Ap 



5''GU = e^ 



<,up^au ~r ^fP^cFU S/io-^oj/ <,ua^ n 



which is equivalent to 

^^ ^fip'^i^cr ~r ^vp<,pa 

These in turn result in 



-^"^ (G'U + GU,A . (616) 



^(2)/^^. _^(2)^A^_Q_ (62a, 6) 

Together, eqs. (58, 61, 62) are the form of the gauge transformation that 
leaves the action of eq. (2) invariant when d = 2 that is derived in refs. [12, 
14] from the first class constraints associated with this action. 
Generalizing eq. (58) to c? > 2 dimensions by taking 

^(0)^^. = 5^°^Gj, = -e^-^-P-^e^,^^...^^_^,, (63a, b) 



t(2); 



t(2). 



does not lead to consistent expressions for 5 h^^^ and 5 G^^. This indicates 



that while there are two invariances associated with the action of eq. (2) when 
d = 2 (one of which is a "gauge" invariance in that it is generated by the 
first class constraints in the model), the only invariance present when d ^ 2 
is a diffeomorphism invariance. 

If we follow the HTZ approach to determining the generator of a gauge 
transformation, then we consider an extended action 



S, 



d'^'^x dt 



d 



7rA^0^ - n, (0^, TIa) - U'^'^a, (0^, TiA 



(64) 



where (p^ is a field with conjugate momentum vr^, 7q,- is a first class con- 
straint of the i^^ generation and f/"' is a Lagrange multiplier. (Second class 
constraints have been eliminated and all brackets are DBs.) 

Variation of any function F of 0"^, vr^ is given by 5F = {F, G} where the 
generator G is G = J d'^^^yX°'''~fai with A"' being a gauge parameter. This 
leads to (upon dropping a surface term) 



SSf 



d^'^x dt 



dt 



w>^r-^K^r-K^rS^ 



K'^} 



d-KA 



dt 



5f/"^7a.-^"H7a.,Gr 



(65) 



If, as is the case of the EH action (see eq. (36)), the second class constraints 
are such that the DB and PB are identical in eq. (65), we find that 



5S. 



d^-'xdt 



dt 



5G diTA 5G 

J^" dt 571 A 



-{^c,G} 



Since 



dG 

~dt 



-^^y^'Ta.-t/^^Ta^G} 



d\^ d^SG_ d7rA5G_ -^^ (5A"' 



(66) 



dt 



Icii' 



dt 6(j)^ dt 6TrA ' SU^i 

d'-'y 



d^-'y 



D\^^ d(J)^ 6G , dwA SG ^ ,rf_i 



Dt dt 5(t)^ dt 5t:a 
and {t/"% G} = we find that 



5S, 



d^-'x dt 



Dt 



7«, + {G,?/, + ?7"^7aJ-'5f^"'7a, 



(67) 



(68) 



Working in the gauge in which f/"' = = 5U"'^{i > 2), 5Se = if 



d^'-'x 



Dt 



-ia, + {G,n, + u'^'^aA - su'^'ic. 



0. 



(69) 



This condition can be used to find the gauge parameters A"' that ensure that 
the "total" action 



St= I d'^-^xdtlnA 



d(f)^ 



-V-Ar,'nA]-U'''la, 



T^A 



(70) 



is left invariant. An invariance of the total action is an invariance of the 
initial action S = J d'^~^xdt C [33]. 

The first and second order forms of the EH action are distinct when d = 2 
[21, 22]. The canonical structure of the second order form appears in ref. [39]; 
the first order form is discussed in refs. [12-17]. 

The action for d = 2 that follows from eq. (2) can be written 



S, 



d^x 



"^00^,0 ~ 2Gq^/;,q — Giih^ j + ( — Goo ) ( ^,i + 2/iGo 



'^01 



(71) 



+2h'G'i,) + (-2GI,) (h\ - /iG°o + h^'Gl,) + (-Gl,) (h]^ - 2h}G\ 



,1^0 
'^00 



-2h^^Gl^ 



where h = h^^, h^ = h^\ We identify (-G[Jo, -2G[Ji, -G?i) with the mo- 
menta (tt, TTi, TTii) associated with {h,h^,h^^) respectively. If (^ = GIq,( = 
2Gli, and d = G\i, then the Hamiltonian that follows from eq. (71) is 



H 



dx 



cVi + c0+Ci0' 



(72) 



where 



(j)i = h^i- h7ri-2h^nn, (p = h\ + Htt - h^^ Tin (p^ = h]^ + 2h\ + h^\i . 

(73a, b, c) 
The momenta Hi, 11, 11^ associated with (^, (, d respectively all vanish. These 
primary first class constraints lead to the secondary first class constraints 
01,0,0^ respectively. There are no tertiary constraints since 

{01,01} = 20, {0,01} = 0\ {01,0} = 01. (74a, 6, c) 

Upon making the identification 

(7ii, 72i, 73i, 7i2, 722, 732) = (ni, n, n^; 01, 0, 0i) (75) 



then eq. (69) leads to 

A^i = A^2 + CA^^ - C^A^^ (76a) 

A^i = A^^^ + 2CiA^2 - 2C^A^2 (766) 

A^i = A^^^ + CiA^^ - CA^^ . (76c) 

If now ^01 = 'Cio = ^^ A^2^ .^11 = — A^2, .^00 = — A^^ then the generator G 
of the gauge transformations is seen to generate the transformation of eqs. 
(58, 61, 62). This generator was obtained in ref. [12] by using the method of 
Castellani [29]. 

We reserve the term "gauge transformation" for a transformation gener- 
ated by the first class constraints which leaves the action invariant in form. 
This does not preclude the existence of transformations that leave the action 
invariant that are not a consequence of the existence of first class constraints. 
In this sense, the action of eq. (2) when d = 2 is invariant under a gauge 
transformation defined by eqs. (58, 61, 62) while the diffeomorphism trans- 
formation of eqs. (57, 59, 60), even though it is an invariance of the action, 
is not referred to as a "gauge transformation" . (It appears that the general 
belief is that any local transformation which leaves the action invariant is a 
result of the presence of first class constraints; we see that this is not always 
the case.) The fact that there might be a number of invariances associated 
with a model that are not what we call "gauge invariances" does not increase 
the number of restrictions on the number of degrees of freedom present be- 
yond those following from constraints that arise in the course of applying the 
Dirac constraint formalism; for example, the presence of a diffeomorphism 
invariance in 5*2 of eq. (2) does not reduce the number of degrees of freedom 
in 5*2 as diffeomorphism invariance is not a consequence of the first class 
constraints. Indeed, the presence of diffeomorphism invariance in this model 
is of no consequence in the quantization of this model [17]; one need only 
consider the invariance under the transformation of eqs. (58, 61, 62) when 
defining the path integral. That is, the invariance associated with the dif- 
feomorphism invariance does not require gauge fixing and does not generate 
ghost fields - one need only consider the invariances of eqs. (58, 61, 62) when 
applying the Faddeev-Popov quantization procedure (or its extension [62]) 
associated with the path integral. 

When d > 2, the generator of the gauge transformation is of the form 

G = j (aP + a'JP^ + hx + b'xi + cr + dr^ d'^'^y , (77) 



where eq. (70) is used to determine the coefficients (a, a*, b, U) in terms of 
(c, c*). In fact, to find the variations 5h, dh^ and SH"^^ under a gauge transfor- 
mation, the coefficients (a, a*) are not required. Furthermore, to obtain (6, V) 
in terms of {c^c^), one need only ensure that eq. (70) is satisfied by these 
terms hnear in {r^Ti); terms hnear in {XiXd S^ the coefficients {a,a^) while 
terms linear in {lP,lPi) fix the variations ((5f/^, (5f/^*) of the Lagrange multi- 
plier coefficients associated with the primary first class constraints {lP,lPi). 
The Hamiltonian of eq.(45) and the secondary first class constraints of 
eqs. (16, 17) have the PBs 

{x,n,} = l{r + hW,)+... (78) 

te,^c} = r, + ... (79) 

where only the terms dependent on r, Tj have been displayed. Furthermore, 
it follows from eqs. (45, 48-50) that 



< / dy (cT + cVjj , / dxHc 



dx 



(^")..^«,^4(^_f^V (BO) 



/l2 ' \ K^ h 



where again only terms dependent on r, Tj are given explicitly. 

From eqs. (78-80) it follows that eq. (70) is satisfied by those terms linear 
in (r, Tj) provided 



dc b {hc),ih' chii (hd), 



dt h K^ h K^ 

and 



(81) 



Eqs. (81, 82) fix b and U in terms of c{x^t)^ d{x,t) to be 

6._ft,,_M.M + e«_(^ (83) 

h '■' h 

, ,, hHhc)M h'ch^i h'{hc^). 



Using eqs. (83, 84) the generator of eq. (77) leads to the gauge transfor- 
mation of h, h^ and H^^ (and all other fields). We find that 

5h = {KG} = ^KJd''-^y{hx)] 

= -h^ct - {hc)jh^ + c/i/i^ - (/icJ)j (85) 

Sh' = {h\G} = l^h\Jd'-'y{b^xj)] (86) 

= hc\ - h'hct + h'ch{ 



,..u ^^^)^^ 



-ich),jh'^ + ci^y - c^h'j + 



h 

h 



SW^ = {H'^, G} = Ih'^, f (f^^y{cT + cVfc)| (87) 

= c{W^H''^' - W^W^)YiM - (i/'V + i/^'^c*),fc 

From eq. (5b) we find that 

5h = 2he^t + 2h'e,, - {he)^t - {he')^i (88) 

5h' = he]t + h^y - h]te + h'w^j - {h'e^)j (89) 

5h'^ =5{ ]^ (90) 

Eqs. (85) and (86) can be reconciled by making the field dependent redefi- 
nition 6 = —he, 9'' = d — h^c, but the presence of Uke in eq. (87) prevents us 
from reconciling eqs. (87) and (90) in the same way. Consequently the in- 
variance of the first order EH action uncovered by our application of the HTZ 
formalism is not diffeomorphism invariance. We have not as yet explicitly 
examined how the afiine connections transform. 

In a superficially similar situation, the gauge invariance of the ADM ac- 
tion considered in refs. [29, 36, 37] is only consistent with diffeomorphism if 
there is a field dependent gauge parameter, while the gauge invariance that 
follows from the second order EH action, when using the metric g^i, as the 
configuration space variable, is the diffeomorphism invariance of eq. (5b) 
[8,9]. 



All this prompts us to reflect on the way in which gauge invariance is 
related to the constraints in a system. We begin by noting that the change 
of variables that has taken us from the EH action of eq. (1) written in terms of 
the configuration space metric Qfj^i, and the afiine connection F^^, to where it is 
written in eq. (13) in terms of the variables h, h^, H^^ etc. of course does not 
alter the equations of motion derived by applying the principle of least action 
to the Lagrangian form of the action; using either eq. (1) or (13) will result in 
the Einstein equations of motion. If qi and Qi denote the set of old and new 
configuration space variables respectively, then if there were no constraints 
one could pass from the Lagrangian to the Hamiltonian formalism using 
either L{qi, qi) or L{Qi, Qi) (The transformation from qi to Qi is invertible.). 
The phase space variables {qi,Pi = dL/dqi) and {Qi,]Pi = dL/dQi) would 
then be related by a canonical transformation, and the Hamilton equations of 
motion derived from using either H{qi,pi) or H{Qi,lPi) would be equivalent 
to each other and to the Lagrange equations of motion following from either 
L{qi,qi) or L{Qi,Qi). 

When there are constraints in a theory as in the EH action, more care 
must be taken when changing variables. One can change variables in config- 
uration space from qi to Qi and obtain equivalent equations of motion from 
either L{qi,qi) or L{Qi,Qi) as in the case when there are no constraints. 
However, when passing from the Lagrangian to the Hamiltonian formalism, 
the canonical variables {qi,Pi) and {Qi, IPi) may not be related by a canonical 
transformation when there are constraints in the theory. This is explicitly 
demonstrated in refs. [8,9] in the context of passing from using the configu- 
ration space variables g^^ to {gij, N, Ni) of the ADM formalism when treat- 
ing the second order form of the EH action. In these references, the phase 
space variables {g^uiP^^) derived from L{g^^) are shown to not be canonical 
transforms of the phase space variables ((^jj, iV, A^j, H*-^, H, H*) derived from 
L[gij, N, Ni). This is despite the fact that the Hamilton equations of motion 
derived from H^g^y^p^^^) and H{gij, N, Ni, H*-', H, H*) are both equivalent to 
the Einstein field equations. Nevertheless, there is a significant difference 
between the actions in phase space written in terms of these two sets of vari- 
ables that is pointed out in refs. [8,9]; the action in terms of {g^u,P^'^) can 
be used to derive the diffeomorphism gauge invariance of the action while 
the action in terms of {gij,N,Ni,ir^ ,Il,W) can only be used to derive a 
diffeomorphism gauge invariance with field dependent gauge functions. (The 
group properties of gauge transformations when there are field dependent 



gauge functions is discussed in refs. [67, 37].) 

It is apparent though that when starting from the first order action of eq. 
(1) in terms of g^^y^T^^ the phase space position and momentum variables 
are related by a canonical transformation to those derived from eq. (13). 
By construction, the generator G given in eq. (77) will provide a gauge 
invariance of the action defined in terms of the phase space variables being 
used. However this invariance may not be unique. The tertiary constraints 
(r, Tj) appearing in eq. (77) could be supplemented by a function of the 
secondary constraints so that instead of {r^Ti) appearing in eq. (77), one 
could have 

f = T + Xx + X\, (91) 

n = T, + Ya + Y^xj (92) 

where X, X*,l^,y-' are arbitrary functions of the dynamical variables such 
as h, n etc. Indeed, in determining the tertiary constraints from examining 
{Xi'^c} and {Xij'^c} with Tic given by eq. (45), it is not r and Ti that 
immediately appear, but rather expressions of the form of eqs. (91, 92). 
With f and fj now appearing in eq. (77), the solution for b and 6* will no 
longer be given by eqs. (83, 84) and so the gauge transformation generated 
by G will be altered. This is because the analogue of eq. (80) with (f, fj) 
appearing in place of {T,Ti) does not follow if X, X*, Yi, Y^-' are arbitrary 
and hence (6, U) are dependent on the form of the tertiary constraints used 
in eq. (77). Thus the invariances of the original action which follow from 
the generator G are dependent on the ansatz used initially for G; it is not 
apparent which ansatz leads to a diffeomorphism. 

The ambiguity present in the HTZ formalism that has been noted here 
is likely to be absent [60] in the approach of Castellani [29] . To see this, we 
first will sketch the way in which the gauge generator G can be derived using 
the methods of ref . [29] . 

If a system has canonical variables {qi,Pi), and a gauge generator G, then 
{qi(t) , pi(t)) and {qi(t) + ai(t),pi(t) + /3j(t)) would both be solutions of the 
equations of motion if 

dG dG 

ai = {qi, G} = —- and (3i = {pi, G} = -—- (93) 

opi dqi 

so that by the weak equation [23, 33] ^A{qi,pi,t) ^ {A{qi,pi,t), Ht} + 

at 

■ ~ /^ H \ ^^^ d /? ~ - /— H \- ^^ 

^^\dpi' ^J dtdpi ^^ [%' ^J dtdqi' 



Furthermore, the equations of motion themselves yield 

d ■ d 

Qi+ai^ —HT{qi+ai,pi+f3i) and pi+/3i ^ -— i^T(gi+«i,Pi+A) (95) 

or to lowest order in ai and /3j 

ctj ~ 7- — ctj + — Pj ana pj ~ 7— — a^ i - Pj . 
dpi V 9qj dpj 'J dqi \ dqj dpj 'J 

(96) 
(The weak equality is one which holds if the primary constraints vanish.) 
If now there are three generations of constraints, we take 

G = e{t)Go + e{t)Gi + e{t)G2. 

Upon equating our two expressions (94, 96) for dj, $i and eliminating ctj 
and /3j using eq. (93) we derive the "master equation" 

[e {Go, Ht} + e(t) (Go + {G^, Ht}) + e(t) (Gi + {G2, Ht}) + 6(^)^2] ^ 0. 

(97) 
We now identify the primary constraints Fa = {F,Fi), secondary con- 
straints xa = (X) Xi) ^'^^ tertiary constraints ta = (r, Tj). With these sets of 
constraints and the canonical Hamiltonian of eq. (45), we have equations of 
the form 

{]Pa, Ht} = Xa, {xa, Ht} = VabTb+V abXb, {ta, Ht} = WabTb+WabXb 

(98) 
so that from the master equation (97) 

G2 ^ ^ G2 = iPA (98) 

G^ + {G2, HT}^O^G^ = -xa + Xab^b (99) 

(for some Aab) 

Go + {Gi, Ht}^O^Go = kabFb + {Vabtb + VabXb) (100) 

— {Xab-, Ht} Fb — ^abXb 

(for some kab) 

and 

{Go, Ht} ^0^ kabXb + {>^ab, Ht} Fb + Vab{WbcTc + W bcXc) 
+ [Vab, Ht} tb 



+ [Vab,Ht}xb + Vab VbcTc + VbcXc 

-2 {\ab, Ht}]xb - {{\ab, Ht} , Ht} Pb 

->^AB [VBcrc + VbcXc] ~ PabFb- (101) 

(for some Pab) 

(The quantities p, k and A may be non-local.) This last equation is satisfied 
if the coefficients of IPa-, Xa and ta all vanish, so that 

{kab,Ht]~{{\ab,Ht},Ht} = Pab (102) 

KAB + VapWpb + ^AB, Ht] + VapVpb - 2 {Xab, Ht} (103) 

—XapVpb = 

VapWpb + {Vab, Ht} + VapVpb - XapVpb = 0. (104) 

These equations can be solved for Xab, i^ab and pab using eqs. (104), (103) 
and (102) in turn leading to a unique gauge generator G. An explicit calcula- 
tion is quite formidable (especially on account of the complicated structures 
of Vab) and is currently being considered. However, the procedure of ref. 
(29) outlined here for obtaining the generator of a gauge transformation ap- 
pears to be unambiguous, once the primary constraints are found, in contrast 
to the HTZ method [30, 31, 25] discussed above. In particular, it is insensi- 
tive to how one identifies ta in eqs. (91, 92), though it is dependent on the 
choice of primary constraints [59] . 

5 Discussion 

From the outset, we have applied in a fully consistent way the Dirac con- 
straint formalism to the d dimensional EH action. This has led to primary 
and secondary second class constraints as well as primary, secondary and 
tertiary first class constraints, leaving d{d — 3) degrees of freedom in phase 
space. The gauge transformations which leave the first order EH action in- 
variant in d dimensions that is implied by the first class constraints do not 
appear to coincide with the diffeomorphism transformation when the HTZ 
formalism is used. 

It would be interesting to analyze the implications of having not only 
primary and secondary, but also tertiary first class constraints (and all their 
attendant gauge conditions) on the quantization of the first order EH action 



ofeq. (2). The quantization of this action was considered in ref. [40] using the 
Faddeev-Popov-Feynman-deWitt-Mandelstam quantization procedure with 
the diffeomorphism of eq. (5) as the gauge invariance of the theory, although 
exphcit calculations do not appear to have been performed using the first 
order form of the action. (See however ref. [41].) The first order form has an 
advantage over the second order form in that its interaction is only cubic as 
opposed to being non-polynomial; even in Yang-Mills theory the first order 
form has calculational advantages [42]. 

If one were to use the path integral to quantize this model, the non- 
trivial second class constraints 0" = ilP^pIPl ,6*, 6^ j must be taken into 
account in the measure of the functional integration. This is because a factor 
of det ' |0",Oj? occurs in this measure [57], and from eqs. (23, 24), this 
factor is non-trivial. It is not clear how this factor would be generated if one 
were to apply the Faddeev- Popov procedure (or its extension [62]) for using 
the path integral to quantize a gauge theory. A more elaborate approach [63] 
is likely required. 

The first order action for general relativity when expressed in terms of the 
spin connection and tetrad (the Einstein Cartan (EC) action) is not equiv- 
alent to the EH action in that the tetrad cannot be uniquely expressed in 
terms of the metric [43]. A canonical analysis of this EC action for rf = 3 
[44] and rf > 3 [45] dimensions reveals that its first class constraints generate 
translational and rotational transformations in the tangent space and can- 
not generate the diffeomorphism transformation. Such transformations have 
been found in refs. [64, 65, 66]. For the vierbein e" and the spin connection 
^nab it was found that there is both the rotational invariance 

^rOJi^ah = -d^Tab - y^^aTch - r^^Uf^cb) (105a) 

Sre^a = rj'e^b (1056) 

and the translational invariance 

Ot^fiab = RfiXab^ tc [Rfii/ab = d^U^ab — d^CO^ab + ^^lac^u b ~ ^uac^ 



(106a) 
5^e^- = eP'^ie^X),, - [d.e^'^ + co^abe^'] (e^%). (1066) 

The transformations of eqs. (105, 106) are in tangent space. They are related 
to the usual diffeomorphism transformations 



5w^"^ 



-UJ 



t^abz-X I ,Xabct^ 
A^ +^ ^A 



(1076) 



by [66] 



ta = exaC (108a) 

Tab = OOXab^'' ■ (1086) 

All indications are [45] that the transformations of eqs. (105, 106) and not 
those of eqs. (107) are generated by the first class constraints arising from the 
EC action. Once again, as in the 2D first order EH action, not all invariances 
are generated by the first class constraints in the theory. We do note though 
that the diffeomorphism transformation of eq. (107) can be found using eqs. 
(54) [68] . This will likely affect the quantization of the EC action, since much 
like the case of the action 5*2 of eq. (2) being quantized, the diffeomorphsim 
invariance that is present is not to be associated with the presence of ghosts 
[17]. (In ref. [58], however, the translational invariance of the EC action was 
ignored and diffeomorphism invariance was in fact used to generate ghost 
fields.) 



6 Appendix A: Canonical Analysis of the Spin 
Two Field in First Order Formalism 

We now apply the Dirac constraint formalism to the first order form of the 
spin two action as it differs in interesting ways from that of the EH action 
considered in the body of the paper. Various aspects of this problem have 
been discussed in [46-54]. 

In order to linearize the action of eq. (2) we replace it by 



Sci = \l d^x 



h"'Giu,x + V"-- (^^A. 



GA /^cr riX fid 



{Al) 



provided d > 2. (The case of c? = 2 will be dealt with below.) Here we use 
the flat space metric diagr]^'^ = (—, + ...+). 

Expressing G^^^ in terms of hn^ using the equations of motion leads to 



Sri 



d'^X 



V/^M,A 2^^^^^''^^ 2{d-2) 






iA2) 



which when c? = 4 is the spin two action in refs. [55, 56]. 
If now we deflne 



TT — -Gqo, 



TTi — -2Gq-, 



TT, 



V 






{A3a - c) 



and 

e = G^o, ei = 2G}o = C; + j^t6], dk = G)k {AAa - c) 

where C? = 0; then the canonical Hamiltonian density is 

2-d/ , I \ . . , . t 



TX 



T^iT^i + C (TTfe + /i,fc) + 3 7 ( -TTji - TT + h 



+c;(-vr.,+/.f,)--c;c/ (^5) 



rf-1 V 4 7 ' ' ' rf-1 

J- -^i —1 

4 

The momenta iP^ and IP conjugate to C,'' and t vanish leading to the secondary 
constraints 

Xk = h^k + TTfc (AG) 

X = h],-nii-Ti. (A7) 

The momenta conjugate to C- and G^ also vanish; these momenta and the 
equations of motion associated with these variables obviously form a set of 
second class constraints. Using their equations of motion, C,^ and S,]^ can 
then be eliminated from "He in eq. (A5) to yield 

/I -2 

(1 1 • 1 

^ J J 
The secondary constraints of eqs. (A6), (A7) satisfy (with H^ = j d'^'^xl-ic) 

{iJ„x} = -r (A9) 



{He, Xk} = - 
so we have the tertiary constraints 

r = 



-2(^X,. + r. 



{AlO) 



'^ij,ij "T 7*i, 



(All) 

Tfc = Tlii^k - T^ik,i ■ (^12) 

Since {t,Hc\ = 0, {rfe,iJc} = —2'^,k there are no fourth generation con- 
straints. All constraints {lP,lPk,x,Xk,T,Tk) have vanishing PBs with each 
other and hence all are first class. It can be shown using eq. (70) that 
generator of the gauge transformation is given by 

G = I rf'^-i' 



X 



id - l)e +\{d- 3)e,,fc) IP - ^h^k 



(AIS) 



-^tk,k + e I X - ^efcXfc 



1 

er + -tkTk 



This leads to the spin two gauge transformation 



5Gl. = -dU' + - {5',d^ + 5X) d ■ f 



(AUa) 

{AUb) 

which is a linearized version of eq. (5). Without tertiary constraints, the 
second derivates appearing in eq. (A14b) would not appear. 

li d = 2, then one cannot solve for G^^^ in terms of h^^, using the action 
of eq. (Al). However, if one were to set 



G 



-^\ 



flV 



g:i + v^v [v"'g 



u^\ 



/lU 







(Alb) 



then one can solve for G in terms of /i^,^. If this solution is substituted 
back into the action we find that 

^2 = -Jd^xh^';,r]^,V\ {A16) 

showing the triviality of the theory when d = 2. If we set /i = /i"*^, h^ = /i°^, 
■"2(701) ^11 



n — —Gqq, 111 
becomes 



"^11) ^ — '-^00) 'Ci — 2^01, Cii — G"!!) then 5*2 



^2 



d X 



hfiH + hQ'Ki + h oTTii - ^01 - ^10 - ^110 



(An) 



so that 



0^ = h^i + 111 {A18a) 

(P = h\-n- VTn {A18b) 

0l = h]^ + TTi (AlSc) 

are all first class constraints. Any two of these constraints have a vanishing 
PB. 



7 Appendix B: Inclusion of Scalars 

We can supplement the action of eq. (2) with 

s^ = ]^j d''xh^''{d^<p){dA). (SI) 

This does not aher the primary and secondary constraints of eqs. (20, 21). 
From eq. (Bl) though, the momentum associated with is 

p = h(j),o + h'(P,i {B2) 

so that the Hamiltonian gets supplemented by 

_ TTj Ph'(l),i 
— rid - 



h 
Since 

{x,n4,} = n^ (54) 

{Xi,^<p} = -P(f>,i (Bb) 

the tertiary constraints of eqs. (46, 47) become 

Ti = Ti- pcp^i (56) 

T = T + ^%. (57) 

Since 

{-p(x)0,i(x), -p{y)(j),j{y)} = -dj6{x-y) {-p{y)(p,i{y))+df6{x-y) {-p{x)(f)j{x)) 

(58) 

{h^{x), hm] = ^^("^-y^-f^ i-piy)<t>Ay))-d!Six-y)-^ {-p{x)<^,Ax)) 

(59) 



{x.,W4=0 (511) 



we find that the form of the PBs of {IP^ IPi, x, Xi) ''"? ''"«) with each other are of 
the same as the PBs of {P, Pi, x, Xii T, Ti) with each other. 
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